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Many papers  [1-9] have been devoted to the dynamical  analysis  of bubble implosion in a 
liquid layer .  Exper iments  have shown that an initially c i r cu la r  cavity is displaced or 
t r ans fo rmed  into an elliptical cavity during the implosion process  due to instability, where -  
upon its fur ther  contract ion produces cumulative je ts .  This problem is important  in the 
study of surface wear  in cavitation flow [7] and in the analysis  of the impact  sensi t ivi ty of 
liquid explosives [1-6]. The onset of accumulation is conveniently investigated by s tar t ing 
with an elliptical cavity or  by displacing a c i r cu la r  cavity relat ive to the impact  axis, 
thereby creat ing an asymmet r i ca l  p re s su re  field about the center  of the cavity.  In the 
present  ar t ic le  cer ta in  theoret ical  notions are advanced with regard  to the onset of the 
cumulative jet in an elliptical or  displaced cavity and its influence on the ignition of liquid 
explosives due to the formation of minute droplets  [4] in the adiabatically heated gas in- 
side the cavity.  Experimental  data on the jet  formation t ime and the frequency of n i t r o -  
glycerin detonations qualitatively support  the theoret ical  predict ions.  

Consider  a uniaxial impact  with velocity w 0 < 0 by an incompress ib le  elliptical s t r ike r  having s emi -  
axes A and B on a thin layer  of incompress ib le  viscous liquid, h0/A << 1, which has at its center  an ell ipti-  
cal cavity with semiaxes  a and b and the same focal length as the s t r iker ,  i .e. ,  

A S _ B  * =  a 2 _  b ~ = c  ~ 

We assume that the mass  of the load is much grea te r  than the liquid mass ,  so that the layer  is c o m -  
p re s sed  at a constant velocity.  

For  smal l  Reynolds numbers  

Re =pu0A/~t ,  u Q N w o A / h  

the motion of the liquid in the thin layer  is descr ibed by the set of theoret ical  lubrication equations, which 
is written as follows in elliptical coordinates :  

I ap_ a~% I ap a~% 'ap_ 0 (I) 
V.H Od--  0z2 ' ~H a 8 = Oz2 ' a"7-- 

Ouch Ouch - 2 Ow H~ = c ~ ~ ~- ~ + t/  ~ = 0, -~- (ch 2:r -- cos 2~) (2) 

The var iables  a and/3 are  related to the Car tes ian coordinates  by the famil iar  express ions  

x = ccha cos 8, y = c sha sin fi 

The boundary conditions for these equations are  represented  by the conditions for adhesion to solid 
sur faces  

Moscow. Transla ted f rom Zhurnal Prikladnoi  Mekhaniki i Tekhnicheskoi Fiziki,  No. 5, pp. 78-85, 
September-October ,  1971. Original ar t ic le  submitted November 30, 1970. 

�9 1974 Consultants Bureau, a division of  Plenum Publishing Corporation, 227 g'est 17th Street, New York, N. Y. I0011. 
No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without written permission of the publisher. A 
copy of this article is available from the publisher for $15.00. 

699 



ua-----0, u~-----0, w - - - - w  o at z = h  
u ~ = 0 ,  u t ~ = 0 ,  w-----0 at z 0 

(3) 

z e r o - v a l u e d n e s s  of  the tangent ia l  s t r e s s e s  craft = 0 at the cav i ty  bounda r i e s  

/ Ou~ / H Ou~ / H \ 

= ( + T )  
and equal i ty  of the n o r m a l  s t r e s s e s  c r a a  and p r e s s u r e  in the gas  

~ (ao, ~) = - p o ,  ~ ( a ~ ,  ~ )  = - p :  

A s s u m i n g ,  howeve r ,  that  the de r i va t i ve s  with r e s p e c t  to a and fl a r e  sma l l ,  we r ep l ace  these  r e q u i r e -  
men t s  with the  fol lowing a p p r o x i m a t e  condi t ions  for  the p r e s s u r e s :  

P = Po at ~ = r162 = Arch a / c (4) 
P = P l  at a : al = ArchA / c  

E x p r e s s i n g  the ve loc i t i e s  in t e r m s  of  the  p r e s s u r e  g rad ien t  f r o m  (1) and taking (3) into account ,  we 
find 

Ua ---~ ~1 (I - -  I1) h ~ Op ~1 (i - -  11) h 2 0p z 
- -  2[xU 0--~-' U~ = 2~H 0~ ' 1] ---- ~- (5) 

Subst i tut ing t he se  r e l a t i o n s  into the equat ion of cont inui ty  (2), we obtain 

O~p O~p i2~ [ wo ] (6) 
Oa~ + ~ = - KH~' W =  Wo~I 2 ( 3 -  211) , K =  h3 

We seek  the solut ion of the P o i s s o n  equation for  the p r e s s u r e  in the f o r m  

p -= p l  + A o  + Boa  + C o c h 2  (~ - -  so) cos 2~ + Doch2 (a - -  al) cos 2~ 
Pl  =-- - -  1/s Kc2 (ch2a + e o s  2~) (7) 

Eva lua t ing  the  cons t an t s  A0, B0, Co, and D O f r o m  condi t ion (4) and r ecogn i z ing  the independence of t h e  
p r e s s u r e  f r o m  fl at  the l a y e r  boundar ies ,  we have 

P ~--- (al - -  a) po "~ (~ ~ a.o) Pl _~ Kc 2 ai ch 2a0 -- aoch 2ai 
~i - -  OlO 8 al - -  C{0 

"iF aKc~8 ch 2aiai ---- ao.Ch 2ao t- Kc28 ca 2 (ai +--oh ~)2 +(~r -- m) COS 2~ 

- -  l / sKc2  (ch 2a A- cos 2~) 

It  can be ve r i f i ed  on the bas i s  of the so lu t ions  (5) and (7) that  the boundary  condi t ions  for  craf t and 
c r a a  a r e  indeed a l r e a d y  a p p r o x i m a t e l y  sa t i s f i ed  at sma l l  d i s t ances ,  of o r d e r  h2 /H,  f r o m  the boundary  b e -  
c a u s e  the p r e s s u r e  r ap id ly  tends to the m a x i m u m  value P m a x  ~ gua0H/h2- The second  de r iva t i ve s  8 2 u a /  
0[32 a n d  82u[3/~[3 ~ a l so  turn  out to  be s m a l l  r e l a t i v e  to  the de r iva t i ve s  with r e s p e c t  to z e v e r y w h e r e  as  
fl ~ 0. The solut ion (4), (7) no t  only sa t i s f i e s  the cont inui ty  equat ion,  but a l so  the m a s s  ba lance  re la t ion  

- -  g w o ( A B  - -  ab) = 4h  ~ [u~,(al, ~ ) H  (al, ~) - -  u~,(ao, ~ ) H  (ao, ~)]d~ 
0 

which  s e r v e s  as  an addi t ional  condit ion for  the m o r e  comple t e  p r o b l e m  conta in ing  the second  de r iva t i ve s  of 
the ve loc i t i e s  with r e s p e c t  to a and fl .  

This  r e s u l t  a t t e s t s  to  the r i g o r  of  the r e su l t i ng  solut ion within the scope  of app rox ima te  t h i n - l a y e r  
t h e o r y .  

It is  evident  f r o m  the solut ion (7) that  a p / a f l  = o at the ou te r  and inner  boundar ie s  of  the l aye r ,  so 
tha t  fo r  a = a 0 and a = o~ the tangent ia l  ve loc i ty  componen t  ufl a l so  van i shes .  The con tour  of the cav i ty  
changes  at  the f i r s t  ins tan t  due to  the n o r m a l  componen t  u s ,  which  m u s t  be a v e r a g e d  over  the l a y e r  t h i ck -  
h e S S  
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U:, = ---g ,~ ~ dz  = -- t--i-~-ff" ~ (8) 
0 

If at the ensuing instants of time the shape of the contour is represen ted  in the form 

O = a - - ~ o + s ( ~ ,  t), @ - 0  

and the total t ime derivative of �9 is taken, we obtain the following equation for the cavity boundary: 

�9 0s 0 8  Us = va~K~ + H ~ (9) 

Using (5) and (6) for  numer ica l  calculations,  we easi ly reduce the problem to the solution of the 
thermal-conduct ion equation with phase transi t ion [10]. 

It is apparent  f rom (7) and (8) that the veloci ty of the cavity boundary along a is g rea te r  than along 
the semiminor  axis:  

l U~(%, O)l>l U~(%, ~/2) 1 

This fact has the implication that after a cer tain t ime t ,  the cavity is "punched in," or indented along 
the semimajor  axis, gradual ly forming a cumulative jet.  If we assume approximately that U(~ [~ (t), fi ] = 
const  up to the instant of indentation, we can readi ly es t imate  the t ime t .  f rom the condition for formation 
of an inflection point in the contour of the cavity boundary on the axis t3 = 0 in the form d2~/dfl 2 = eo th~ .  

We then obtain the following relation for est imation of the indentation t ime:  
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vo shSa0sh2% = ch~ctl--ch2ao (t A- 2sh~%) th (a l  --  %) 

- -  s h  2 ~ o  - -  a ( t  - -  p~ / po) sh  2 ao ~o - -  h .  , 

poh3 p l  ( aoboho ~ 
5 = 3~bz I wo i "  po--" ~ \ ~ /  

I t  i s  c o n v e n i e n t  to u s e  the  fo l lowing  r e l a t i o n s  fo r  the  c a l c u l a t i o n s  in (10): 

cchr = a, c sh ao = b, cchal  = A, csh c~ = B 
t h ' ( a l - - a 0 ) - - - - ( a B - -  b A ) / ( A a - - B b ) ,  at  - -  ao -= in (A 4 - B ) / ( a  4-b)  

(lO) 

P h o t o g r a p h s  of the  i m p l o s i o n  of  an e l l i p t i c a l  c a v i t y  in n i t r o g l y c e r i n  a t  s e v e r a l  t i m e s  a r e  shown in 
F i g .  1.  The  e x p e r i m e n t a l  cond i t i ons  w e r e  a s  f o l l o w s :  

a --  5.0 ram, b ---- 2.65 mm, h = 0.5 mm 
---- 0.3 p, P0 = I atm.,  I Wo [ = 2.5 m/sec 

A s t r iker  in the fo rm of a c i rcu la r  cyl inder  of radius R = 9.5 mm was used  in the exper iments .  For  
A >> a and B >> b,  h o w e v e r ,  the c i r c l e  c a n  be  r e g a r d e d  a p p r o x i m a t e l y  a s  an  e l l i p s e  b y  s e l e c t i n g  A and B 
on the  b a s i s  of  the  equa l -a rea  c o n d i t i o n  AB = R 2, b e c a u s e  in  t h i s  c a s e  the  l e ng th s  of  the  s e m i a x e s  t u r n  out  
to  be  c l o s e  to  1~ 

F i g u r e  i g i v e s  the  f i r s t  p h o t o g r a p h i c  e v i d e n c e  of the  f l a t t en ing  of  the  c o n t o u r  a long  the s e m i m a j o r  
a x i s  a t  t = 25 # s e a ,  f o l l owed  by  i n d e n t a t i o n  and the f o r m a t i o n  of  a c u m u l a t i v e  j e t  a t  t = 40 ~tsec, and  f i na l l y ,  
a t  t = 5 5 # s e e ,  d e t o n a t i o n .  

In the  e x p e r i m e n t s  the  c u m u l a t i v e  j e t  f o r m a t i o n  t i m e  t ,  was  m e a s u r e d  by f r a m e - b y - f r a m e  p h o t o g r a p h y .  
F o r  the  c a s e s  s 0 = 0.68, ~1 = 1.6,  and  s 0 = 0.72 and a l  = 1.6 wi th  [w 0 I = 1 -4  m / s e c  the  d i m e n s i o n l e s s  t i m e s  
t , / ~ - 0  at  which  j e t  f o r m a t i o n  began  t u r n e d  out  to  be  0.19 and 0.148.  C a l c u l a t i o n s  a c c o r d i n g  to Eq.  (10) y i e l d  
v a l u e s  of  t , / T  0 = 0.38 and 0.26.  Dur ing  i m p l o s i o n  the  va lue  of Ucz i n c r e a s e s ,  so  tha t  the  l o w e r  l i m i t  of 
t . / ~ "  0 can be  d e t e r m i n e d  by  s u b s t i t u t i n g  the  v a l u e  of s0* at  the  i n s t a n t  of i nden ta t ion  into (10). Th i s  c o r r e c -  
t ion fo r  s0*  = 0.54 y i e l d s  r e s p e c t i v e  v a l u e s  of 0.18 and 0.1 fo r  t , / T  0, i . e . ,  s a t i s f a c t o r y  a g r e e m e n t  wi th  the  
e x p e r i m e n t a l .  

In a c c o r d a n c e  wi th  s i m i l a r i t y  t h e o r y  [11], Eq.  (10) does  not  i nc lude  the  R e y n o l d s  n u m b e r ,  b e c a u s e  
E q s .  (1) and (2) do no t  con t a in  the  d e n s i t y .  The  d e p e n d e n c e  on Re shows  up  when the i n e r t i a l  t e r m s  a r e  i n -  
c l u d e d  [12]. The  e x p e r i m e n t  a l s o  i n d i c a t e s  a weak  d e p e n d e n c e  on R e .  

The  e x p e r i m e n t a l  d a t a  on the  m a x i m u m  j e t  v e l o c i t y  V as  a funct ion of  the  c a v i t y  b o u n d a r y  v e l o c i t y  U a 
a long  the  ax i s  a a t  the  i nden t a t i on  t i m e  a r e  g iven  in F i g .  2. The e x p e r i m e n t a l  c o n d i t i o n s  w e r e  a s  f o l l o w s :  
R = 9.5 r a m ;  v a r i o u s  v a l u e s  of h 0 = 0.25 to  1.0 m m ;  Iw01 = 1 -4  m / s e c ;  2a = 7 .5-10  m m ;  and 2b = 4 -5  m m .  

The  a p p r o x i m a t e  d e p e n d e n c e  V ~ 1.4Ua i s  i n f e r r e d  f r o m  F i g .  2. Us ing  (7) and (8), we e x p r e s s  the  
v e l o c i t y  r a t i o  a t  the  i nden t a t i on  t i m e  and c o m p a r e  i t  wi th  the  e x p e r i m e n t a l ,  wh ich  g i v e s  v a l u e s  of 1.9 and 
2.0 for  U a / U  b in the  c a s e s  s 0 = 0.68, tr 1 = 1.6, and s 0 = 0.72, c~ 1 = 1.89, r e s p e c t i v e l y .  If we a s s u m e  tha t  the 
e l l i p t i c a l  c a v i t y  r e t a i n s  i t s  shape  d u r i n g  the  i m p l o s i o n  p r o c e s s ,  a t  t i m e  t = t .  the  t h e o r y  g i v e s  a p p r o x i m a t e -  
l y  1.4 and 1 .55.  A t  the  i n i t i a l  t i m e  the v a l u e s  of  U a / U b  c a l c u l a t e d  a c c o r d i n g  to (7) and (8) a r e ,  r e s p e c t i v e l y ,  
1.25 and 1 .40.  

We now c o n s i d e r  the  i nden ta t ion  of a c i r c u l a r  c a v i t y  of  r a d i u s  r 0 d i s p l a c e d  a d i s t a n c e  l r e l a t i v e  to  the  
c e n t e r  of the  s t r i k e r .  We m a p  the  doubly  c o n n e c t e d  doma in  (Fig .  3) onto  a c a n o n i c a l  domain  [13, 14] by  
m e a n s  of the  f r a c t i o n a l - l i n e a r  funct ion 

R --O}Z r R  - -  o) (! -~  ro) 
W =  z - - O ) R  ' P l =  1 4 - r o - - t o R  ' w = ~ - ~ - i l l  

2 R h o  = R z A- l z - -  %2 -F" [(R2 A- l ~ - -  ro~) ~ - -  4R~l~] '/' (11) 

wh ich  t a k e s  the  po in t s  z = • and z = l • r 0 into the  po in t s  w = • 1 and w = •  r e s p e c t i v e l y .  
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We solve  the p r o b l e m  of de t e rm i n i ng  the p r e s s u r e  f ields 

_•_ 0 OP O"-P 
p = p + p ,  p ~ = _ _  (x ~ + y 2 _ R ~ ) ,  O ~ - ~ P ~ + ~ = O  

P ( i , 0 ) = 0 ,  P ( P x ,  0 ) - - - - X / 4 K ( r o  2 - l  ~ - I f  2 + 2 l X ) ,  K - -  i 2 ~ l w . [  h a 
X - -  R ( i  + o) ~) /~ (t ~ ~)~) ((o 2 - -  pl 2) ~ : co ~ . -  l 

2a) "~ 2o)p1 ~ (t + ~.~ - -  2~ cos 0) ' - -  p-'T 

0 = a r c  t g  q / ~, p~ = ~ + q~ 

in the s e r i e s  

4p := R2 _ x~ y~ l~ _ . K -- + [ - - ~  - + r ~  R~] lni- 
lap1  

co n 

R ( l  - -  (o~) (x - -  ~)R) R y  (o)~ - -  i )  
~ = - - o ) +  (x --coR)~ + y~ ' ~l (x --  coli)"- T y2 ' q = l n p l  (12) 

0-~-x x=l• = -- 2 (l 7, [- ro) -t- [2/R +plco(~ (to ~ln pl--(tt~+--ro R2)I- coR)~(i. ~2) R 
y ~ 0  

2lR 2 ( i  - -  r z l )  n n c t h  qn 
n=l 

The subs t i tu t ion  of p (x,y) and 0 (x,y) into equat ions  (12) y ie lds  a c u m b e r s o m e  e x p r e s s i o n  for  the d e -  
t e rmina t i on  of p.  

F o r  the ca lcu la t ion  o f p  and g r a d p  at the c h a r a c t e r i s t i c  points ,  however ,  it is convenient  to use  (12) 
d i r ec t l y ,  taking the c o r r e s p o n d e n c e  of points  in the z and w planes  into account .  The p r e s s u r e  c u r v e  for  a 
l iquid with a d i sp l aced  cav i t y  is p lot ted qual i ta t ive ly  in F ig .  3. 

It  fol lows f r o m  (12) tha t  ]Op/0x  ] l - - r  > (0p/0x) l + r , so tha t  indenta t ion and the f o r m a t i o n  of a 
cumula t ive  je t  begins  f r o m  the s ide  n e a r e s t  the cen t e r  of 0 ttie s t r i k e r .  This  s i tuat ion is a l so  phys i ca l ly  
r e a s o n a b l e  i n so fa r  as the p r e s s u r e  m a x i m u m  o c c u r s  at the c e n t e r  in the absence  of the cav i t y  [15, 16]. 

F r a m e - b y - f r a m e  pho tog raphs  t h rough  a magni fy ing  g l a s s  of  the implos ion  p r o c e s s  fo r  a d i sp laced  
cav i ty  a r e  given in F ig .  4. Under  the e x p e r i m e n t a l  condi t ions  h = 0.5 ram, r 0 = 3.5 m m ,  R = 9.5 m m ,  and 
l = 1.3 r a m .  

The un id i r ec t iona l  indentat ion of the cav i ty  at t .  = 57 ~sec  and its t r a n s p o r t  with the flow a r e  c l e a r l y  
seen in F ig .  4.  At t = 68/zsec  the n i t r o g l y c e r i n  igni tes  and de tona te s .  

The m a j o r i t y  of  e x p e r i m e n t s  on the impac t  sens i t iv i ty  of n i t r o g l y c e r i n  a r e  r ead i ly  explained by an 
ana lys i s  a f te r  J o h a n s s o n  [4] of a g r a p h  of the cav i ty  su r f ace  t e m p e r a t u r e  as  a f~mt ion  of the ra t io  of the 
m a s s  m+ of burning  d rop le t s  to the m a s s  m 0 of the gas  in the cav i ty  with a l lowance  for  the dependence  of 
m+ on the m a s s  and ve loc i ty  of  the cumula t ive  j e t .  

Re ly ing  on the d e g r e e  of c o m p r e s s i o n  a = h0r02/h, r .  2 ~ 65 a t ta ined  by the cav i ty  expe r imen t a l l y ,  we 
plot ted the g r a p h  of  F ig .  5, in which  T~ is the t e m p e r a t u r e  of the c o m p r e s s e d  gas  with r e g a r d  fo r  cooling,  
due to hea t ing  of the d rop l e t s ,  T 2 is the t e m p e r a t u r e  a f te r  combus t ion  of all  the hea ted  d rop le t s  of m a s s  m + ,  
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T 3 is the tempera ture  of the liquid at the cavity boundary in this case ,  and T b (dashed curve) is the ignitien 
t empera tu re  calculated for a detonation delay t ime of 10 -5 sec,  which cor responds  to the t ransi t  t ime of the 
droplets  ac ros s  the cavity.  The T l and T 2 c u r v e s  were plotted on the basis of energy balance considerat ions,  
and T 3 was calculated as the tempera ture  at the boundary for the contact of two unequally heated s e m i -  
infinite bodies:  

Ta 
To 

Qm'~ 
T, __ comor "c-1 + c+m+ T2 = T 1 -} (too + m.) % 

- -  como -{- c + m + ' 

i + aT~ / T0 a 2 --" 0~Cp)l / ()~cp)0, T* = T 
i + a  ' To 

Here Q is the heat of reaction,  T = 1.3 is the adiabatic exponent, c is the heat capacity,  A is the 
thermal  conductivity, and the subscript  1 r e fe r s  to the products of detonation. We see f rom Fig. 5 that for 
a smal l  number  of droplets  the t empera tu re  at the cavity wall is close to the tempera ture  determined by 
the thermal  conductivity f rom an adiabatically heated gas,  and for degrees  of compress ion  (r ~ 65 detona- 
tion does not take place. If the number of drople ts  is relat ively large,  the tempera ture  T l of the actual gas 
in the cavity falls below the ignition tempera ture  of the liquid. Consequently, the optimum segment of the 
curve for the development of detonation is 0.4 ~ m+ / m 0 ~ 1.8. 

Similar i ty  considerat ions  [11] imply that the droplet  spec t rum is cha rac te r i zed  by the complex r e l a -  
tion 

m+= hr+~p§ d~ ' P~176 , p+Vdo~ , r+h ' ~ )  

in which m+ is the mass  of liquid droplets ranging f rom molecular  d iameters  (vapor) to the instantaneous 
d iameter  do, ~2 is the angle of impact of the cumulative jet  on the liquid at the cavity boundary, and ~0 is the 
sur face  tension.  Inasmuch as the form of the function F is unknown, we can es t imate  do with the aid of the 
Weber c r i t e r i o n  P0V2d0/(r0 ~ 10 ,  f rom which it follows that the experimental ly  observed maximum droplet 
d iameter  for p 0 ~ 10-2 g / cm3 ,  ~0 = 50 d y n / c m ,  and V = 104 c m / s e c  was do ~ 5 �9 10 -4 cm.  Drops of this 
s ize can become heated during the t rans i t  t ime ac ross  the cavity,  t+ ~ 2 r + / V ,  since for r+ ~ 0.1 cm and 
the thermal  conductivity of ni t roglycer in,  x ~ 10 -3 c m 2 / s e c ,  the heating t ime d~/tr2x ~ t+. 

The resul ts  of an experimental  compar ison  of the frequency of detonations with a central  c i r cu la r  
cavity (r 0 = 2.5 mm, R = 9.5 ram, h 0 = 0.5 mm) and an elliptical cavity having the same initial volume hab = 
h0r02 and a ~ 2b a re  shown in Fig.  6 (curves 1 and 2, respect ively) .  Notice the sharp increase  in the detona- 
tion frequency due to intensificatien of the cumulative effect and, hence, due to the increase  in m + / m  0 (see 
Fig. 5). 

A graph of the detonation frequency for a c ircular  cavity of the same dimensions as in Fig. 6 versus 
the displacement ~ = l / R  of its center for various impact velocities l w 0 [ = 2, 2.5, and 3 m / s e c  is given 
in Fig. 7 (curves 1, 2, and 3, respectively). An increase in ~, which causes the velocity of the cumulative 
jet  to increase ,  at f i rs t  inc reases  the detonation frequency, but then a dec rease  of f with increas ing ~ is 
observed,  a resu l t  that is explained by the experimental ly  observed smear ing  out of the bubbles beyond the 
limits of the s t r ike r .  

We note in conclusion that the local heating of the liquid behind the shock front with the introduction of 
the cumulative jet  is smal l .  

Assuming for  the purpose of estimation that the total internal energy  behind the wave front is thermal ,  
AT < (u + V)2/SCv, for s tandard experimental  conditions in which u + V ~ 300 m / s e c  and c v ~ 0.2 ca l /g~  
we obtain a t empera tu re  increase  of order  10~ 

We now show that viscous heating of the liquid at the zone of contact of the cavity and s t r ike r  surface 
also fails to produce ignition. We infer f rom the solution [9] pertaining to the indentation of a c i r cu la r  layer  
of viscous liquid that the velocity gradient  

Ou 3ua, R ~ .  h )  y l u ~ + t - - ~  h = h o  i + ~ I n ~ - - ~  

r 2 r0 ~ r~ (13) 
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is a maximum for z = 0 and z = h at the points y = 1 and y = ~, where (0u/0Z)y =i < (0u/0Z)y = ~. 

The maximum t empera tu re  inc rease  without considerat ion of the the rmal  conductivity is de termined  
by the energy  dissipation 

o l  ~ f o u ~  2 o1".  ~oi, Oh 
0% - ~ -  = t~-g~-),=,  at " =  Wo oh a t  

Taking (13) into account,  we find 

AT = (t-kBln~--~) a . ~ln5 - ~  (14) 
5 

E = 9~ twoR  2 / pcvhG 3 

Inasmuch as -1  < } In } - ~ < 0, we deduce the following by major iza t ion  of the integrand of (14): 

z . ln~ 

i .e . ,  the v iscos i ty  causes  the t empe ra tu r e  in the liquid to inc rease  ve ry  slowly, the inc rement  amounting to 
about 20" for cha rac t e r i s t i c  exper imenta l  conditions (/3 = 0.25, $ = 4 �9 10-a). 
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